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Abstract
In this work, we use the QCD sum rule method to study the radiative decays of the vector
and axial-vector Bc mesons to each of three charmed strange mesons, Ds, D
∗
s and Ds1, through
their dominant weak annihilation channels. We calculate all relevant transition form factors, which
are used to estimate the branching fractions at different channels. The order of branching ratios
are obtained to be in the order of 10−6 − 10−5, which may be checked via differnet experiments.
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I. INTRODUCTION
The mesons containing heavy quarks are rich factories to investigate new features of the
Standard Model and beyond. Among them, Bc meson is one of the most favorite candidates,
because it is the only heavy meson consisting of two heavy quarks with different flavores.The
pseudoscalar Bc meson has been discovered in 1988 [1] and studied widely via different
methods [2–14]. Indeed different decay channels of the pseudo-scalar Bc meson have been
studied widely via QCD sum rule method [15–21].
For years, the pseudoscalar Bc meson was considered as the only type of meson containing
b and c quarks. But recently, other types of Bc meson, such as scalar, vector, axial vector
and tensor ones, although have not been discovered yet, are of interest and expected to
be produced at LHCb in the future [22–30]. Some studies have been done on the mass
and decay constants of the vector and axial-vector Bc states [31] that can be used as input
parameters to investigate different decay channels, which help us to determine their nature
and structures. Moreover, investigation of the decays of these mesons, provides windows for
reliable determination of the CKM matrix elements, Vcb, and origin of the CP violation as
well as looking for new physiscs effects.
The QCD sum rule is a profound theoretical tool to study many parameters of hadrons
and their decay channels in the realms that ohter methods may fall into trouble [32]. It
has previousely applied successfully to determine many parameters of the hadrons and their
interactions with other particles. In most of the cases, the predictions have been obtained to
be in accord with the existing experimental data. For some of these studies see for instance
the Refs. [33–52].
In the present work, we comprehensively study the rare radiative decays of the vector
and axial-vector mesons, B
(V,A)
c , to each of three charmed-strange Ds, D
∗
s and Ds1 mesons
via light-cone QCD sum rule. These decays can occure via two channels, weak annihilation
(WA) and the electromagnetic penguin (EP) modes based on b → sγ at the quark level.
We calculate the responsible form factors for all the channels under consideration and use
them to estimate the relevant decay rates and branching ratios. As it was previously shown,
for some rare radiative Bc transitions, the EP parts are obtained to be at least three or-
drs of magnitudes less than the WA channel contributions [21] and can be ignored in the
calculations. So we concentrate on just the WA modes of the considered decay channels.
2
FIG. 1. Feynman diagrams for radiation of photon from either of initial and final states in quark
level, representing Bc → Ds1γ, that are the same for other decays under considerations
For the photon, radiated from the final Ds, D
∗
s or Ds1 mesons, we consider the bare
loops as well as quark and quark-gluon condensates, and the propagation of the soft photon
in the electromagnetic field. But for B
V (A)
c , as it contains just heavy quarks, the quark
condensates and soft quark propagation are not included [15, 53] and we only need to
calculate contributions of the bare loop diagrams.
The organization of the paper is as follows. In the next section we use the factorization
hypothesis and Lorentz invariance to find the amplitudes of the considered decays in terms
of the B
V (A)
c and Ds’s transition form factors. In section III we employ the QCD sum rule
method to find the radiative form factors of B
V (A)
c . In section IV the same procedure will be
used to find Ds’s form factors. Using some inputs and the sum rules obtained in the previous
sections, in section V, we calculate the decay rates and branching ratios of the decays under
considerations.
II. TRANSITION AMPLITUDE FOR WEAK ANNIHILATION CHANNELS
In this section we concentrate on calculating the transition amplitudes in terms of the
radiative form factors. The generic Feynman diagrams for Bc to Ds1 transition, as an
example, are shown in Fig. 1.
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The amplitude of these decays can be written as
M(Bc → Dγ) = GF√
2
VcbV
∗
cs〈D(p)γ(q)|(sΓνc)(cΓνb)|Bc(p+ q)〉, (1)
where D(p) stands for any of Ds, D
∗
s or Ds1 mesons.
Now we use the factorization hypothesis to decompose the matrix elements in separate
terms responsible for radiation of the photon from Bc or Ds mesons. For the case of pseu-
doscalar Ds meson we set
〈Ds(p)γ(q)|(sΓνc)(cΓνb)|Bc(p+ q)〉 = −eεµpνfDsT (Bc)µν − ieεµεµ(Bc)mBcfBcT (Ds)µν , (2)
while for the vector D∗s meson we obtain
〈D∗s(p)γ(q)|(sΓνc)(cΓνb)|Bc(p+ q)〉 = −eεµεν(D∗s )mD∗sfD∗sT (Bc)µν − ieεµε
µ
(Bc)
mBcfBcT
(D∗s )
µν . (3)
The same is valid for the axial vector Ds1 by replacement, D
∗
s → Ds1, in the above formula.
In Eq.(2), T
(Bc)
µν in the first term stands for the emission of the photon from Bc meson
(diagrams (i) and (ii) in Fig. 1) and the emission of the photon from Ds meson is denoted
by T
(Ds)
µν in the second term (diagrams (iii) and (iv) in Fig. 1). Also fBc (fDs) is the Bc (Ds)
decay constant and εµ (ε(Bc)ν) is the polarization vector of the photon (Bc meson).
The covariant amplitudes T
(Bc)
µν and T
(Ds)
µν are defined by the following two-point correla-
tion functions:
T (Bc)µν (p, q) = i
∫
d4xeiq.x〈0|T{jemµ c¯Γνb(0)}|Bc(p+ q)〉, (4)
and
T (Ds)µν (p, q) = i
∫
d4xeiq.x〈Ds(p)|T{jemµ s¯Γνc(0)}|0〉, (5)
where jemµ is the electromagnetic current.
Following the Ref. [54] we can write the T
(Bc)
µν in the most general Lorentz covariant form
as
T (Bc)µν (p, q) = agµν + bpµpν + cpµqν + dqµpν + eqµqν + fεµναβp
αqβ, (6)
where a, b, c, d, e and f are invariant amplitudes.
Applying Ward identity for the electromagnetic current, alongside the fact that q2 = 0
for the real photon and tranversity of the electromagnetic field, ε.q = 0, we can write the
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first and the second terms in Eq.(3) as
−eεµpνf(Ds)T (Bc)µν = −efDs
[(
(ε.ε(Bc))(p.q)− (ε.p)(ε(Bc).q)
)
i
F
(Bc)
A
m2Bc
−mBcfBc(ε.ε(Bc)) + ενµλσεµε(Bc)νpλqσ
F
(Bc)
V
m2Bc
]
, (7)
and
−ieεµε(Bc)mBcfBcT (Ds)µν = −iemBcfBc
[(
(ε.ε(Bc))(p.q)− (ε.p)(ε(Bc).q)
)
i
F
(Ds)
A
m2Ds
+
ifDs
(p.q)
(ε.p)(ε(Bc).p) + ενµλσε
µε(Bc)νpλqσ
F
(Ds)
V
m2Ds
]
, (8)
where F
(Bc)
V (A) and F
(Ds)
V (A) correspond to the parity coserving (parity violating) transition form
factors.
Finally, combining Eqs. (7), (8) and (1), and summing over the polarization vectors, we
can get to the following result for the transition amplitude in Ds case:
M(Bc → Dsγ)= −eGF√
2
VcbV
∗
cs
{
fDs
[(
(ε.ε(Bc))(p.q)− (ε.p)(ε(Bc).q)
)
i
F
(Bc)
A
m2Bc
−mBcfBc(ε.ε(Bc))
+ενµλσε
µε(Bc)νpλqσ
F
(Bc)
V
m2Bc
]
− imBcfBc
[(
(ε.ε(Bc))(p.q)− (ε.p)(ε(Bc).q)
)
i
F
(Ds)
A
m2Ds
+
ifDs
(p.q)
(ε.p)(ε(Bc).p) + ενµλσε
µε(Bc)νpλqσ
F
(Ds)
V
m2Ds
]}
. (9)
Repeating the same procedure, and noticing that D∗s is a vector meson, we can write the
transition amplitude for Bc → D∗sγ as
M(Bc → D∗sγ)=
eGFVcbVcs√
2
{
fBcmBc
[(
(ε.ε(Bc))(q.ε(D
∗
s ))− (q.ε(Bc))(ε.ε(D∗s))
)iF (D∗s )A
m2D∗s
+fD∗s (ε.ε
(D∗s )) + εµνλσq
µενε(Bc)λε(D
∗
s )σ
iF
(D∗s )
A
m2D∗s
]
−fD∗smD∗s
[(
(ε.ε(D
∗
s))(q.ε(Bc))− (q.ε(D∗s ))(ε.ε(Bc))
) iF (Bc)A
m2Bc
+ fBc(ε.ε
(Bc))
+εµνλσq
µενε(D
∗
s )λε(Bc)σ
iF
(Bc)
A
m2Bc
]}
, (10)
where can be used for the axial-vector meson Ds1, as well.
In the next section we will calculate the transition form factors F
(Bc)
A(V ) of both the vector
and axial-vector Bc channels.
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III. LIGHT CONE QCD SUM RULE FOR THE VECTOR AND AXIAL VECTOR
Bc FORM FECRORS F
(Bc)
A(V )
The general idea in QCD sum rule method is to calculate an appropriate correlation
function both in phenomenological and theoretical representations and connecting them
together via dispersion relation to find sum rules for physical quantities. For vector Bc we
write the correlation function as
ΠB
(V )
c
µν (p, q) = i
∫
d4xeiQ.x〈γ(q)|T{c¯(x)γµ(1− γ5)b(x)b¯(0)γνc(0)}|0〉, (11)
where Q = p + q . To get to the hadronic (phenomenological) side, we insert a full set of
hadronic Bc states into Eq. (11), and after integrating over x we have:
ΠB
(V )
c
µν (p, q) =
〈γ(q)|c¯γµ(1− γ5)b|Bc(p+ q)〉〈Bc(p+ q)|b¯γνc|0〉
m2Bc − (p+ q)2
. (12)
The second bracket in Eq.(12) can be written by means of
〈Bc(p+ q)|b¯γνc|0〉 = fBcmBcε(Bc)ν . (13)
As the first bracket in Eq. 12 contains both vector (γµ) and axial-vector (γµγ5) parts, con-
sidering the parity properties of vector Bc meson (J
P = 1−), Lorentz and gauge invariance,
we can write it in two terms as
〈γ(q)|c¯γµ(1− γ5)b|Bc(p+ q)〉 = e
{
iεµαβσε
αε(Bc)qσ
F
(Bc)
V (Q
2)
m2Bc
+[εµ(ε
(Bc).q)− qµ(ε.ε(Bc))]F
(Bc)
A (Q
2)
m2Bc
}
. (14)
By substituting Eqs. (13) and (14) into Eq. (12) we can write the hadronic side as
ΠB
(V )
c
µν (p, q) =
efBcmBc
m2Bc −Q2
{
iεµνασε
αqσ
F
(Bc)
V (Q
2)
m2Bc
+ [qµεν − εµqν ]F
(Bc)
A (Q
2)
m2Bc
}
. (15)
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Now, to calculate the theoretical side, we write the correlation function in terms of two
structures given in (15) as follows:
ΠB
(V )
c
µν (p, q) = iεµνασε
αqσΠ1 + [qµεν − εµqν ]Π2, (16)
where each functions Π1 and Π2 have perturbative and non-perturbative contributions as
follows:
Πi = Π
pert.
i +Π
non-pert.
i (17)
The perturbative part contains bare loops and non-perturbative part gets its contribution
from quark condensates, quark-gluon condensates, and soft photon in electromagnetic field.
But as Bc contains two heavy quarks, these non-perturbative parts have no contribution in
it [15, 53]. So, for both vector and axial-vector Bc mesons, we just need to calculate the
bare loop contribution.
To calculate the perturbative parts, we consider Fig.2 (a) and Fig.2 (b), when the photon
is radiated both from b− or c−quark. These structures can be related to the spectral density
using the Cutkosky method (dispersion relation) as
Πpert.1(2) (p, q) =
∫
ds
ρ1(2)(s, p
2)
s− p2 + subtraction terms, (18)
where ρi’s are the spectral densities.
To calculate ρi’s, we write the correlation function using Feynman rules for Fig.2 (a) as:
ΠB
(V )
c
µν(a) = eNcQs
∫
d4k
(2π)4
{
Tr
[i( 6k +mc)
k2 −m2c
γµ(1− γ5)
× i( 6p+ 6k +mb)
(p + k)2 −m2b
6ε i( 6Q+ 6k +mb)
(Q+ k)2 −m2b
γν
]}
. (19)
Now, using Feynman parametrization we can write the coefficients of the structures
iεµναβq
αpβ and [qµεν − qνεµ] as
7
Π
(pert.)
1(a) = −
eNcQb
4π2
{∫ 1
0
dy
∫ 1
0
dxx[mb(mc +mbxy¯) + xx¯(xy¯ + y)p.p
+2x2x¯y¯2p.q]
∫
∞
0
dαe−α∆
}
, (20)
and
Π
(pert.)
2(a) =
eNcQb
4π2
{∫ 1
0
dy
∫ 1
0
dxx[mb(mc −mbxy¯) + xx¯(2− y − xy¯)p.p
+2xx¯y¯(1− xy¯)p.q]
∫
∞
0
dαe−α∆
}
, (21)
where x¯(y¯) = 1 − x(y) and ∆ = m2c x¯ + m2bx − xx¯yp.p − xx¯y¯Q.Q, and we have used the
Schwinger parametrization:
1
∆n
=
∫
∞
0
dαe−α∆. (22)
Now we apply a double Borel transformation, BˆQ2(M
2
1 )Bˆp2(M
2
2 ) on Π
pert.
i that transforms
Q2 → M21 and p2 →M22 which yields
Πˆpert.1(a) =
eNcQb
4π2
σ1σ2
(σ1 + σ2) 2
∫ 1
0
dx
1
x¯
e−
(m2c x¯+m2bx)(σ1+σ2)
xx¯
×
[
m2bx (σ1x+ σ2) +m
2
c x¯ (σ1x+ σ2)− xx¯
σ1 − σ2
σ1 + σ2
]
, (23)
and
Πˆpert.2(a) =
eNcQb
4π2
σ1σ2
(σ1 + σ2) 2
∫ 1
0
dx
1
x¯
e−
(m2c x¯+m
2
bx)(σ1+σ2)
xx¯
×
[
m2c x¯ (σ1(2− x) + σ2) +m2bx (σ1(2− x) + σ2) + xx¯
2σ1
σ1 + σ2
]
, (24)
where σ1(2) = 1/M
2
1(2). To perform the Borel transformation we have used the following
identity:
Bˆ(M2)e−αp
2
= δ(1− αM2). (25)
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To enhance the contribution of the ground satates, we apply a second double Borel
transformation on Πˆpert.i(a) that transforms σ1 and σ2 to the new variables s and t respectively
as follows:
Bˆ(
1
s
, σ1)Bˆ(
1
t
, σ2)e
−α(σ1+σ2) = δ(1− α
s
)δ(1− α
t
), (26)
to get
̺i(s, t) =
1
st
Bˆ(
1
s
, σ1)Bˆ(
1
t
, σ2)
Πˆpert.i
σ1σ2
. (27)
Substituting ̺i(s, t) in the relation
ρi(s, p
2) =
∫
dt
̺i(s, t)
t− p2 , (28)
and after lengthy calculations we get for the spectral densities:
ρB
(V )
c
1(a) (s, p
2) =
eNcQb
4π2
1
(s− p2)3
∫ x1
x0
1
x2x¯3
{
(x+ 1)
(
xm2b + x¯m
2
c
) (
x
(
m2b − p2x¯
)
+ x¯m2c
)
×
(
x
(
m2b − sx¯
)
+ x¯m2c
)}
, (29)
and
ρB
(V )
c
2(a) (s, p
2) =
eNcQb
4π2
1
(s− p2)3
∫ x1
x0
1
x2x¯3
{
(3− x) (xm2b + x¯m2c) (xm2b + x¯ (m2c − p2x) )
×
(
xm2b + x¯
(
m2c − sx
) )}
. (30)
The integral boundaries x0 and x1 need to satisfy the following inequality:
sxx¯− (m2c x¯+m2bx) ≥ 0 (31)
coming from the constraint imposed by the integral over the δ-function.
To calculate the contribution from the Fig.2 (b) we just need to interchange the b- and
c- quark parameters in Eqs.(29) and (30). Finally by adding the contributions of Fig.2 (a)
and 2 (b), the corresponding two selected structures are
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ρB
(V )
c
1 (s, p
2)=
eNcs
2
8π2(s− p2)3
{
Qc
[
λ
[
p2
(
α(α + 9)− (2α + 3)β + β2
)
+ 2αs(3α− 7β + 1)
]
−2α
[
p2(3α− 4β + 2) + s
(
α(α+ 3)− β(3α+ 4) + 6β2
)]
Ln
(
1 + α− β + λ
1 + α− β − λ
)
+2β2
(
p2 − s(3α+ β − 1)
)
Ln
(
1− α + β + λ
1− α + β − λ
)]
+Qb
[
λ
[
p2
(
β(β + 9)− (2β + 3)α+ α2
)
+ 2βs(3β − 7α+ 1)
]
−2β
[
p2(3β − 4α+ 2) + s
(
β(β + 3)− α(3β + 4) + 6α2
)]
Ln
(
1 + β − α + λ
1 + β − α− λ
)
+2α2
(
p2 − s(3β + α− 1)
)
Ln
(
1− β + α + λ
1− β + α− λ
)]}
, (32)
and
ρB
(V )
c
2 (s, p
2)=
eNcs
2
8π2(s− p2)3
{
Qb
[
λ
[
p2
(
α(α− 7)− 2αβ + β2 + 5β
)
+ 2s
(
α(α− 1) + 3αβ + 4β2
)]
+2α
[
p2(α− 4β + 2) + s
(
α(1− α) + 3αβ + 2β(3β − 2)
)]
Ln
(
1 + α− β + λ
1 + α− β − λ
)
−2β2
(
3p2 − s(9α− β − 3)
)
Ln
(
1− α + β + λ
1− α + β − λ
)]
+Qc
[
λ
[
p2
(
β(β − 7)− 2βα + α2 + 5α
)
+ 2s
(
β(β − 1) + 3βα+ 4α2
)]
+2β
[
p2(β − 4α + 2) + s
(
β(1− β) + 3βα+ 2α(3α− 2)
)]
Ln
(
1 + β − α + λ
1 + β − α− λ
)
−2α2
(
3p2 − s(9β − α− 3)
)
Ln
(
1− β + α + λ
1− β + α− λ
)]}
, (33)
where α =
m2b
s
and β = m
2
c
s
and λ =
√
1 + α2 + β2 − 2α− 2β − 2αβ.
To calculate these structures for the axial Bc meson we write the corresponding correlation
function as
ΠB
(A)
c
µν = eNcQs
∫
d4k
(2π)4
{
Tr
[i( 6k +mc)
k2 −m2c
γµ(1− γ5)
× i( 6p+ 6k +mb)
(p + k)2 −m2b
6ε i( 6Q+ 6k +mb)
(Q+ k)2 −m2b
γνγ5
]}
, (34)
where (A) stands for the axial-vector Bc meson.
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Following similar procedure done for vector Bc, we can calculate the spectral densities as
ρB
(A)
c
1 (s, p
2)=
eNcs
2
8π2(s− p2)3
{
Qb
[
λ
[
p2
(
α(α− 7)− 2αβ + β (1 + 5β)
)
− 2s
(
α(1− α)− 3αβ − 4β2
)]
+2α
[
p2(α− 4β + 2) + s
(
α(1− α) + 3αβ + 2β(3β − 2)
)]
Ln
(
1 + α− β + λ
1 + α− β − λ
)
−2β2
(
3p2 + s(−9α + β + 3)
)
Ln
(
1− α + β + λ
1− α+ β − λ
)]
+
Qc
[
λ
[
p2
(
β(β − 7)− 2βα + α (1 + 5α)
)
− 2s
(
β(1− β)− 3βα− 4α2
)]
+2β
[
p2(β − 4α + 2) + s
(
β(1− β) + 3βα+ 2α(3α− 2)
)]
Ln
(
1 + β − α + λ
1 + β − α− λ
)
−2α2
(
3p2 + s(−9β + α + 3)
)
Ln
(
1− β + α + λ
1− β + α− λ
)]}
, (35)
and
ρB
(A)
c
2 (s, p
2)=
eNcs
2
8π2(s− p2)3
{
Qb
[
λ
[
p2
(
α(7− α) + 2αβ − β(5− β)
)
+ 2s
(
α(1− α)− 3αβ − 4β2
)]
−2α
[
p2(α− 4β + 2) + s
(
α(1− α) + 3αβ − 2β(2− 3β)
)]
Ln
(
1 + α− β + λ
1 + α− β − λ
)
2β2
(
3p2 − s(9α− β − 3)
)
Ln
(
1− α + β + λ
1− α+ β − λ
)]
+Qc
[
λ
[
p2
(
β(7− β) + 2βα− α(5− α)
)
+ 2s
(
β(1− β)− 3βα− 4α2
)]
−2β
[
p2(β − 4α+ 2) + s
(
β(1− β) + 3βα− 2α(2− 3α)
)]
Ln
(
1 + β − α + λ
1 + β − α− λ
)
2α2
(
3p2 − s(9β − α− 3)
)
Ln
(
1− β + α + λ
1− β + α− λ
)]}
. (36)
Now, we are ready to find the QCD sum rule forBc form factors. By matching the selected
structures from both QCD and hadronic sides and performing the Borel transformation with
respect to Q2 (Q2 →M2B), and also using quark-hadron duality we get the following generic
result for Bc form factors:
FB
(V/A)
c
V,A (p
2) =
fBc
e mBc
emBc/M
2
B̂Q2
[ ∫ s0
(mb+mc)2
ds
ρB
(V/A)
c
1,2 (s, p
2)
s−Q2
]
, (37)
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where s0 is the continuum threshold and the subscript V (A) on the left hand side of Eq.(37)
corrsponds to the subscript 1(2) on the right hand side, and the form factors have to be
evaluated at p2 = m2Ds .
The following standard rule for the Borel transformation has been used to get to the
result of Eq.(37):
BˆM2B
( 1
(p2 − s)n
)
= (−1)n e
−s/M2B
Γ(n)(M2B)
n
. (38)
IV. LIGHT CONE QCD SUM RULE FOR THE FORM FACTORS F
(Ds)
V (A), F
(D∗s )
V (A)
AND F
(DS1)
V (A)
As Ds, D
∗
s and Ds1 mesons contain one light quark (s-quark), the non-perturbative parts
(like quark condensates, quark-gluon condensates and soft photon in the electromagnetic
field) contribute in calculating the relevant form factors, as shown for instance in Fig.2 for
Ds1 meson. But the line for calculating the perturbative part is the same as what is done
in the last section for Bc mesons. So we just write the final expressions for the spectral
densities of these mesons. We should note that as Ds is a pseudoscalar meson, its invariant
structures are to some extent different from D∗s and Ds1 that are vector and axial-vector
mesons respectively.
To find the relevant invariant structures for Ds meson, we write the corresponding cor-
relation function and insert the full set of hadronic states of Ds meson and we get to
Π(Ds)µ =
iefDsmDs
mc +ms
1
m2Ds − p2
{
iεµαβσε
αpβqα
F
(Ds)
V (Q
2)
m2Ds
+[εµ(p.q)− qµ(ε.p)]F
(Ds)
A (Q
2)
m2Ds
}
. (39)
So for the QCD part, the correlation function in terms of the Lorentz invariant structures
can be written as:
Π(Ds)µ = iεµαβσε
αpβqαΠ
(Ds)
1 + [εµ(p.q)− qµ(ε.p)]Π(Ds)2 . (40)
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Following the same line as we did for Bc mesons, the spectral density corresponding to
the perturbative part of Πi structures would be as follows:
ρ
(Ds)
1 (t, Q
2)=
eNc
4π2(t−Q2)
{
Qs
[
λ (mc −ms) +msLn
(
1 + α− β + λ
1 + α− β − λ
)]
+Qc
[
λ (ms −mc) +mcLn
(
1 + β − α + λ
1 + β − α− λ
)]}
, (41)
and
ρ
(Ds)
2 (t, Q
2)=
eNc
4π2(t−Q2)2
{
Qs
[
λ
(
mc
(
(α− β)t−Q2)−ms (t−Q2) )
+ms(2mcms + t−Q2)Ln
(
1 + α− β + λ
1 + α− β − λ
)]
+Qc
[
λ
(
ms
(
(β − α)t−Q2)−mc (t−Q2) )
+mc(2msmc + t−Q2)Ln
(
1 + β − α + λ
1 + β − α− λ
)]}
. (42)
As shown in Fig.(2), the non-perturbative parts of Πi, containing quark condensate and
quark-gluon condensate contribute.
After a lengthy but straightforward calculations, the total non-perturbative contributions
corresponding to the relevant diagrams of Fig.(2) are as follows:
Π
(Ds)
1(c+d+e)=
eQc〈s¯s〉
12r6R6
[
m20
(
6m2c
(
r4 + r2R2 +R4
)− 5r4R2 + 9r2R4)− 12r4m2cm2s
+6r2R2ms
(
r2 (mc + 2ms)− 2m2cms
)
−6R4
(
r2ms (mc + 2ms) + 2m
2
cm
2
s + 2r
4
)]
, (43)
Π
(Ds)
2(c+d+e)=
eQc〈s¯s〉
6r6R6
[
m20
(
m2c
(
r4 + 3R4
)− 3r2 (r4 + r2R2 +R4) )+ 3r4R2ms (2ms −mc)
+3R4
(
r2ms (mc +ms)− 2m2cm2s − 2r4
)
+ 9r6m2s
]
, (44)
where R2 = Q2 −m2c and r2 = p2 −m2c .
The final non-perturbative contribution to the emission of the photon from final state
meson (Ds, D
∗
s or Ds1) is the soft photon in the electromagnetic field as shown in Fig. 2(f).
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FIG. 2. Feynnman diagrams for perturbative contribitions (bare-loop) [(a), (b)], and non-
perturbative contributions, including quark condensates (c), quark-gluon condensates [(d), (c)],
and propagation of soft photon in electromagnetic field (f), for the final state Ds1 meson, that are
the same as that of Ds or D
∗
s .
To calculate the invariant structures corresponding to the Feynman diagram of Fig. 2(f),
we write the vacuume to photon correlation function as:
Π
(Ds)
µ(f) (p, q) = i
∫
d4xe−iQx〈γ(q)|T{s(0)γ5c(0)c(x)γµ(1− γ5)s(x)}|0〉, (45)
and after contracting the c-quark lines we get
Π
(Ds)
µ(f) (p, q) = i
2
∫
d4x
d4k
(2π)4
e−i(Q−k)x
m2c − k2
〈γ(q)|sγ5( 6k +mc)γµ(1− γ5)s|0〉. (46)
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To write the correlation function in terms of photon distribution amplitudes (PDAs) we
use the following γ-matrix identities:
γµγν = gµν + iσµν ,
γµγνγ5 = gµνγ5 − i
2
εµναβσαβ , (47)
γµγαγν = gµαγν + gναγµ − gµνγα + iεµναλγλγ5,
The required PDAs are defined as [55, 56]
〈γ(q)|sγνs|0〉 = −Qs
2
f3γ
∫ 1
0
duψ
(V )
(u)xθFθν(ux),
〈γ(q)|sγαγ5s|0〉 = −iQs
4
f3γ
∫ 1
0
duψ
(A)
(u)xθF˜θα(ux), (48)
〈γ(q)|sσαβs|0〉 = Qs〈ss〉
∫ 1
0
duφ(u)Fαβ(ux)
+
Qs〈ss〉
16
∫ 1
0
dux2A(u)Fαβ(ux)
+
Qs〈ss〉
8
∫ 1
0
duB(u)xρ(xβFαρ(ux)− xαFβρ),
where the functions A(u), B(u) ψ
(V )
(u), and ψ
(A)
(u) are as follows:
ψ
(V )
(u) = −20u(1− u)(2u− 1) + 15
16
(ωAγ − 3ωVγ )u(1− u)(2u− 1)(7(2u− 1)2 − 3),
ψ
(A)
(u) = (1− (2u− 1)2)(5(2u− 1)2 − 1)5
2
(1 +
19
16
ωVγ −
3
16
ωAγ ),
A(u) = 40u(1− u)(3k − k+ + 1) + 8(ξ+2 − 3ξ2)
×[u(1− u)(2 + 13u(1− u)) + 2u3(10− 15u+ 16u2) ln u (49)
+2(1− u)3(10− 15(1− u) + 6(1− u2)) ln(1− u)],
B(u) = 40
∫ u
0
dα(4− α)(1 + 3k+)[−1
2
+
3
2
(2α− 1)2].
The asymptotic form of the photon wave function φ(u) at the renormalization scale (µ =
1GeV2) is defined as
φ(u) = χ(µ)u(1− u), (50)
where χ(µ) is the magnetic susceptibility. Also Fµν is the electromagnetic field strength
tensor that is defined as
15
Fµν(x) = −i(εµqν − ενqµ)eiqx,
F˜µν(x) =
1
2
εµναβFαβ(x). (51)
Using the γ-matrix identities and inserting the above PDA’s in the correlation function
(46), we find the following formulas for the relevant invariant structures:
Π
(Ds)
1(f) (p, q) =
Qs
4 (m2c − p2)3
∫ 1
0
du
[
A(u)〈s¯s〉 (3m2c + p2)
−2 (m2c − p2) (f3γψ(A)(u)mc + 2〈s¯s〉φ(u)(5m2c − p2)) ], (52)
and
Π
(Ds)
2(f) (p, q) =
Qs
4 (m2c − p2)3
∫ 1
0
du
[
A(u)〈s¯s〉 (3m2c + p2)+ 2B(u)〈s¯s〉 (3m2c − p2〈s¯s〉)
−4 (m2c − p2) (f3γψ(V )(u)mc + 〈s¯s〉φ(u)(5m2c − p2)) ]. (53)
Finally, by matching the QCD and hadronic parts of the correlation function, and per-
forming the Borel transformation that transforms p2 → M2B, we can calculate the the final
result for the Ds meson transition form factors arising from the contribution of both per-
turbative and non-perturbative parts as follows:
F
(Ds)
(V,A)(Q
2) =
(mc +ms)
efDsmDs
em
2
Ds
/M2BB̂p2
{∫ t0
(ms+mc)2
dt
ρ1,2(t, Q
2)
t− p2 +Π
(Ds)
(1,2)(c+d+e+f)
}
, (54)
where V and A in the left hand side correspond to 1 and 2 in the right hand side, respectively.
The final part of this section is devoted to the calculation of the transition form factors for
D∗s and Ds1 mesons. As these mesons are vector and axial-vector, the Lorentz decomposition
of their correlation functions and their invariant structures are the same as that of vector
and axial vector Bc mesons (c.f. Eqs.(15) and (16)).
As Ds meson, the invariant structures Π1 and Π2 for D
∗
s and Ds1 mesons consist of both
perturbative and non-perturbative parts.
The steps to calculate the perturbative parts for both D∗s and Ds1 mesons are the same
as that of Bc in the previous section. So we only write the final expressions for the spectral
densities for D∗s meson that are
16
ρ
(D∗s )
1 (t, Q
2)=
−eNct2
8π2 (t−Q2)3
{
Qs
[
λ
(
Q2
[
α(α− 7) + β(5− 2α+ β)
]
+ 2t
[
β(3α+ 4β)− α(1− α)
])
+2α
(
Q2(α− 4β + 2) + t
[
α(1− α) + β(3α+ 6β − 4)
])
Ln
(
1 + α− β + λ
1 + α− β − λ
)]
+Qc
[
λ
(
Q2
[
β(β − 7) + α(5− 2β + α)
]
+ 2t
[
α(3β + 4α)− β(1− β)
])
+2β
(
Q2(β − 4α+ 2) + t
[
β(1− β) + α(3β + 6α− 4)
])
Ln
(
1 + β − α + λ
1 + β − α− λ
)]}
, (55)
and
ρ
(D∗s )
2 (t, Q
2)=
eNct
2
8π2 (t−Q2)3
{
Qs
[
λ
(
Q2
[
α(α+ 9)− β(2α− β + 3)
]
+ 2αt(3α− 7β + 1)
)
−2α
(
Q2(3α− 4β + 2) + t
[
α(α+ 3)− β(3α+ 6β + 4)
])
Ln
(
1 + α− β + λ
1 + α− β − λ
)]
+Qc
[
λ
(
Q2
[
β(β + 9)− α(2β − α+ 3)
]
+ 2βt(3β − 7α + 1)
)
(56)
−2β
(
Q2(3β − 4α + 2) + t
[
β(β + 3)− α(3β + 6α+ 4)
])
Ln
(
1 + β − α + λ
1 + β − α− λ
)]}
,
and for Ds1 meson
ρ
(Ds1)
1 (t, Q
2)=
eNct
8π2 (t−Q2)2
{
Qs
[
λ
(
Q2(1− α + β)− t
[
α(α− 2β + 7) + β(β − 3)
])]
+Qc
[
λ
(
Q2(1− β + α)− t
[
β(β − 2α + 7) + α(α− 3)
])]}
, (57)
and
ρ
(Ds1)
2 (t, Q
2)=
eNct
8π2 (t−Q2)2
{
Qs
[
λ
(
2Q2(α− β) + t
[
1 + α(α+ 4)− β(2α+ β)
])
−2α
[
Q2 + t(1 + 2α− 2β)
]
Ln
(
1 + α− β + λ
1 + α− β − λ
)]
+Qc
[
λ
(
2Q2(β − α) + t
[
1 + β(β + 4)− α(2β + α)
])
−2β
[
Q2 + t(1 + 2β − 2α)
]
Ln
(
1 + β − α + λ
1 + β − α− λ
)]}
. (58)
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As the non-perturbative diagrams for both D∗s and Ds1 mesons are the same as that of
Ds, following the similar steps, the final expressions for the non-perturbative contributions
of the invariant structures for D∗s meson are as follows
Π
(D∗s )
1(c+d+e+f)(p, q)=
eQc〈s¯s〉
12r6R6
[
−m20mc
(
24r2m4c − 6m2c
(
r4 − r2R2 +R4)+ 8r4R2 + 3r2R4)
+6
(
− 2r4R4mc + r2R2m2cms
(
r2 +R2
)
+ r2R2mcm
2
s
(
3r2 +R2
)
+ 8r2m5cm
2
s
−2m3cm2s
(
r4 − r2R2 +R4)+ r4R2ms (r2 +R2) )]
− 2f3γQs
m2c − p2
∫ 1
0
duψ(V )(u), (59)
and
Π
(D∗s )
2(c+d+e+f)(p, q)=
eQc〈s¯s〉
4r6R6
[
m20
(
r2R2mc
(
4r2 +R2
)
+ 8r2m5c − 2m3c
(
r4 − r2R2 +R4) )
−2
(
− 2r4R4mc + r2R2m2cms
(
r2 +R2
)
+ r2R2mcm
2
s
(
3r2 +R2
)
+ 8r2m5cm
2
s
−2m3cm2s
(
r4 − r2R2 +R4)+ r4R2ms (r2 +R2) )]
+
mcQs
2 (m2c − p2)
∫ 1
0
du
[
A(u)〈s¯s〉m2c +
(
m2c − p2
) (
f3γψ
(A)(u)mc
+〈s¯s〉[B(u)− φ(u)(10m2c + 2p2)]
)]
, (60)
and for the Ds1 meson we have
Π
(Ds1)
1(c+d+e+f)(p, q)=
eQc〈s¯s〉
12r6R6
[
−m20mc
(
24r2m4c − 6m2c
(
r4 − r2R2 +R4)+ 8r4R2 + 3r2R4)
+6
(
r2R2m2cms
(
r2 +R2
)
+ r2R2mc
(
m2s
(
3r2 +R2
)− 2r2R2)+ 8r2m5cm2s
−2m3cm2s
(
r4 − r2R2 +R4)+ 2r4R4ms)] + f3γQs
m2c − p2
∫ 1
0
duψ(V )(u), (61)
and
Π
(Ds1)
2(c+d+e+f)(p, q)=
eQc〈s¯s〉
4r6R6
[
m20
(
r2R2mc
(
4r2 +R2
)
+ 8r2m5c − 2m3c
(
r4 − r2R2 +R4) )
+2
(
2r4R4mc + r
2R2m2cms
(
r2 +R2
)− r2R2mcm2s (3r2 +R2)− 8r2m5cm2s
+2m3cm
2
s
(
r4 − r2R2 +R4)+ r4R2ms (r2 +R2) )]
− f3γQsm
2
c
(m2c − p2)2
∫ 1
0
duψ(A)(u). (62)
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Putting all contributions together and performing the Borel transformation, the final
expressions for transition form factors for D∗s (and also the same for Ds1) would be:
F
(D∗s )
(V,A)(Q
2) =
fD∗s
e mD∗s
emD∗s /M
2
B̂p2
{∫ t0
(ms+mc)2
dt
ρ
(D∗s )
(1,2) (t, Q
2)
t− p2 +Π
(D∗s )
(1,2)(c+d+e+f)
}
. (63)
V. NUMERICAL ANALYSIS
In this section we calculate the decay rate and branching ratios of transitions under
consideration by using the fit functions of the form factors. To this end, we use the set of
input parameters shown in table (I). For the threshold parameters we use s
(B
(V )
c )
0 = 45GeV
2,
s
(B
(A)
c )
0 = 54GeV
2, t
(Ds)
0 = 6.5GeV
2, t
(D∗s )
0 = 8GeV
2 and t
(Ds1)
0 = 8GeV
2[15, 31, 57, 58]. To
evaluate the transition form factors, we also need to find the regions for the auxilary Borel
parametes, in order that the form factors to be practically independent of them. The suitable
ranges for the Borel parameters are 10GeV 2 < M2Bc < 15GeV
2, 2GeV 2 < M2Ds < 5GeV
2,
2GeV 2 < M2D∗s < 5GeV
2 and 2GeV 2 < M2Ds1 < 5GeV
2.
Now, we need to find the fit function of the form factors. The general formula that is
used for Ds, D
∗
s and Ds1 mesons has the generic form of
fDsA,V (Q
2) =
fDsA,V (0)
1 + aDsA,V
Q2
m2Ds
+ bDsA,V (
Q2
m2Ds
)2
, (64)
that the relevant form factor should be calculated at Q2 = m2Bc . Also the generic form of
the fit function for Bc mesons is as follows:
gBcA,V (p
2) =
gBcA,V (0)
1 + aBcA,V
p2
m2Bc
, (65)
where gBcA,V (p
2) have to be evaluated at p2 = m2Ds . The relevant fit parameters are shown in
tables II and III.
From Eqs. (9) and (10) one can obtain the decay rates for the relevant tarnsition as
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Input Parameters Values Input Parameters Values
mc 1.28 ± 0.03 GeV ms 96+8−4 MeV
mb 4.18
+0.04
−0.03 GeV mDs1 2459.5 ± 0.6 MeV
mD∗s 2112.1 ± 0.4 MeV mDs 1968.28 ± 0.10 MeV
m
B
(V )
c
6.331 ± 0.047 GeV [31] m
B
(A)
c
6.737 ± 0.056 GeV [31]
GF 1.166 × 10−5 GeV −2 αem 1/137
|Vcs| 0.995 |Vcb| 0.0422
fDs 249 MeV fDs1 225 MeV [57]
fD∗s 266 MeV [58] fB(V )c
415 MeV [31]
f
B
(A)
c
374 MeV [31] 〈ψψ|µ=1GeV 〉 −(240 ± 10MeV )3 [59]
〈ss〉 (0.8 ± 0.2)〈ψψ〉 [59] χ(µ = 1GeV ) 0.3GeV −2
k 0.2 k+ 0
ζ1 0.4 ζ
+
1 0
ζ2 0.3 ζ
+
2 0
f3γ −(4± 2)× 10−3GeV 2 ωAγ −2.1± 1.0
ωVγ 3.8 ± 1.8 τBc 0.52 × 10−12s [60]
TABLE I. The values of some input parameters used in the numerical analysis. They are mainly
taken from PDG [61], except ones that the references are cited next to the numbers. Also the
PDA’s parameters are taken from [55, 56, 62]
fit Parameters Values fit Parameters Values
FB
(V )
c
V (0) 0.459 ± 0.064 aB
(V )
c
V -1.809
FB
(V )
c
A (0) 0.541 ± 0.081 aB
(V )
c
A -1.808
FB
(A)
c
V (0) 0.541 ± 0.092 aB
(A)
c
V -2.048
FB
(A)
c
A (0) 0.459 ± 0.083 aB
(A)
c
A -2.049
TABLE II. The fit parameters for vector and axial-vector Bc transition form factors fit functions
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fit Parameters Values fit Parameters Values fit Parameters Values
FDsV (0) −0.097 ± 0.013 aDsV 0.154 bDsV -0.025
F
D∗s
V (0) 1.768 ± 0.212 aD
∗
s
V 19.798 b
D∗s
V -2.06284
FDs1V (0) 1.211 ± 0.193 aDs1V 0.511 bDs1V 0.055
TABLE III. The fit parameters for Ds, D
∗
s and Ds1 meson transition form factors fit functions
Γ(Bc → Ds γ)= e
2G2F
4
V 2cbV
2
cs
(m2Bc −m2Ds
m2Bcm
2
Ds
)2[
f 2Bcm
4
Bc
((
F
(Ds)
V
)2
+
(
F
(Ds)
A
)2)
+f 2Dsm
4
Ds
((
F
(Bc)
V
)2
+
(
F
(Bc)
A
)2)
(66)
+
2f 2BcfDsm
2
Bcm
2
Ds
(m2Bc −m2Ds)2
(
2fDsm
2
Ds
(
2m2Bc −m2Ds
)
− F (Ds)A
(
m2Bc −m2Ds
)(
3m2Bc +m
2
Ds
))]
,
and
Γ(Bc → D∗s γ)=
e2G2F
4
V 2cbV
2
cs
(
m2Bc −m2D∗s
)2 (
m2Bc +m
2
D∗s
)
m6Bcm
6
D∗s
[
f 2Bcm
6
Bc
((
F
(D∗s )
V
)2
+
(
F
(D∗s )
A
)2)
+f 2D∗sm
6
D∗s
((
F
(Bc)
V
)2
+
(
F
(Bc)
A
)2)
− 2fBcfD∗sm3Bcm3D∗s
(
F
(Bc)
V F
(D∗s )
V + F
(Bc)
A F
(D∗s )
A
)
+6f 2Bcf
2
D∗s
m6Bcm
6
D∗s(
m2Bc −m2D∗s
)2
]
, (67)
which can be used for Bc to Ds1 transition either.
Finally, the numerical values of the corresponding branching ratios for these decays are
obtained as follows:
B(B(V )c → Dsγ) = (7.382± 2.067)× 10−5,
B(B(V )c → D∗sγ) = (6.290± 1.824)× 10−5,
B(B(V )c → Ds1γ) = (2.393± 0.598)× 10−5,
B(B(A)c → Dsγ) = (2.606± 0.782)× 10−6, (68)
B(B(A)c → D∗sγ) = (5.259± 1.367)× 10−5,
B(B(A)c → Ds1γ) = (2.768± 0.775)× 10−5.
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We see that the branching ratios for the relevant tarnsitions are overall of order of 10−5 that
means they can be observed at LHCb in near future.
VI. CONCLUSIONS
We have studied the radiative decays B
(A,V )
c → Dsγ, B(A,V )c → D∗sγ and B(A,V )c → Ds1γ.
To this end, first we calculated the relevant form factors entering the amplitudes defining
these transitions. By fixing the auxilary parameters we found the fit functions of the form
factors at these decay channels. We used them to estimate the partial decay widths as well
as the branching ratios of the considered transitions. The order of branching ratios show
that these channels are accessible in the near future experiments.
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